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Abstract. The field theoretic renormalization group (RG) and the operator product ex-
pansion (OPE) are applied to the model of a density field advected by a random turbulent
velocity field. The latter is governed by the stochastic Navier-Stokes equation for a com-
pressible fluid. The model is considered near the special space dimension d = 4. It is
shown that various correlation functions of the scalar field exhibit anomalous scaling be-
haviour in the inertial-convective range. The scaling properties in the RG+OPE approach
are related to fixed points of the renormalization group equations. In comparison with
physically interesting case d = 3, at d = 4 additional Green function has divergences
which affect the existence and stability of fixed points. From calculations it follows that
a new regime arises there and then by continuity moves into d = 3. The corresponding
anomalous exponents are identified with scaling dimensions of certain composite fields
and can be systematically calculated as series in y (the exponent, connected with random
force) and ε = 4 − d. All calculations are performed in the leading one-loop approxima-
tion.
1 Introduction
Understanding of fully developed turbulence is a very complex problem. The phenomenon is
characterized by the cascade of energy from large scales toward smaller ones, where viscosity plays
an important role and the dissipation effects dominate, and intermittency, which leads to anomalous
scaling, i.e., singular behaviour of various statistical quantities as functions of the integral turbulence
scales [1]. A very powerful technique, which is applicable to different models of critical phenomena,
characterized by scaling behaviour, is field theoretic renormalization group (RG) and operator product
expansion (OPE); see the monographs [2–5]. In the RG+OPE scenario, anomalous scaling emerges
as a consequence of the existence in the model some composite fields (“composite operators” in the
quantum-field terminology) with negative scaling dimensions [6]. In a number of papers the RG+OPE
approach was applied to the case of passive advection by Kraichnan’s ensemble (velocity field is
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taken isotropic, Gaussian, not correlated in time, having a power-like correlation function, and the
fluid was assumed to be incompressible), see [7–10], and by numerous of its generalizations: large-
scale anisotropy, helicity, compressibility, finite correlation time, non-Gaussianity, and more general
form of nonlinearity [6, 11–16]. Also this approach can be generalized to the case of non-Gaussian
velocity field, governed by the stochastic Navier-Stokes equation – both for the scaling behaviour of
the velocity field itself and for the advection of passive fields by this ensemble [17–22].
Up to present day a majority of works on fully developed turbulence are concerned with an incom-
pressible fluid. However, some treatment has been applied to the compressible case too [23–29]. All
of these works indicates a large influence of compressibility both on velocity field itself and passively
advected quantities. Furthermore, they show us a necessity of further investigations focused on the
compressibility.
In this paper an application of the field theoretic renormalization group onto the scaling regimes
of a compressible fluid, whose behaviour is governed by a proper generalization of the stochastic
Navier Stokes equation [30], is presented. Following [31], we employ a double expansion scheme.
Here the formal expansion parameters are y, which describes the scaling behaviour of a random
force, and ε = 4 − d, i.e., a deviation from the space dimension d = 4.
2 Description of the model and field theoretic formulation
The Navier-Stokes equation for a viscid compressible fluid can be written in the following form:
ρ∇tvi = ν0[δik∂2 − ∂i∂k]vk + µ0∂i∂kvk − ∂i p + ηi, (1)
where
∇t = ∂t + vk∂k (2)
is the Lagrangian derivative, ρ is the fluid density, vi is an i-th component of the velocity field u,
∂t = ∂/∂t, ∂i = ∂/∂xi, ∂2 = ∂i∂i is the Laplace operator, p is the pressure field, and ηi is the density of
an external force. The fields vi, ηi, ρ, and p depend on x = {t, x} with x = {x1, x2, . . . xd}, i = 1 . . . d,
where d is the dimensionality of space. The constants ν0 and µ0 are two independent molecular
viscosity coefficients; see[32]. Summations over repeated vector indices are always implied.
The model must be augmented by two additional equations, namely a continuity equation and an
equation of state between deviations δp and δρ from the equilibrium values [19, 33]. Introducing the
scalar field φ = c20 ln(ρ/ρ), where parameter c0 is an adiabatic speed of sound and ρ denotes the mean
value of ρ, the model can be rewritten in terms of two coupled equations:
∇tvi = ν0[δik∂2 − ∂i∂k]vk+µ0∂i∂kvk −∂iφ+ fi, (3)
∇tφ = −c
2
0∂ivi. (4)
The turbulence is modeled by an external force – it is assumed to be a random variable, which
mimics the input of the energy into the system on the large scale L. Its precise form is believed to
be unimportant and is usually considered to be a random Gaussian variable with zero mean and the
correlator
〈 fi(t, x) f j(t′, x′) = δ(t − t
′)
(2π)d
∫
k>m
dd k D˜i j(k)eik·(x−x′), (5)
where
D˜i j(k) = g10ν30k4−d−y
{
Pi j(k) + αQi j(k)
}
. (6)
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Here Pi j(k) = δi j − kik j/k2 and Qi j(k) = kik j/k2 are the transverse and longitudinal projectors, k = |k|,
amplitude α is a free parameter, an exponent y plays a role of a formally small expansion parameter,
and g10 is a coupling constant; Dirac delta function ensures the Galilean invariance [4].
The expressions (3) – (6) form a complete set of the equations needed to describe a compressible
fluid. The passive advection of a scalar density field θ(x) ≡ θ(t, x) by this velocity field is described
by the equation
∂tθ + ∂i(viθ) = κ0∂2θ + f , (7)
where κ0 is the molecular diffusivity coefficient, u obeys the expressions (3) – (6), and f = f (x) is a
Gaussian noise with zero mean and given covariance
〈 f (x) f (x′)〉 = δ(t − t′) C(r/L), r = x − x′. (8)
Here C(r/L) is some function which is finite at (r/L) → 0 and rapidly decaying as (r/L) → ∞.
According to the general theorem [2, 5], the stochastic problem (3) – (8) is equivalent to the
field theoretic model with De Dominicis-Janssen action functional for the doubled set of fields Φ =
{u, u′, φ, φ′, θ, θ′}:
S(Φ) = Sθ(θ, θ′, u) + Su(u, u′, φ, φ′), (9)
where
Sθ(θ, θ′, u) = 12θ
′D f θ′ + θ′
{
−∂tθ − ∂i(viθ) + κ0∂2θ
}
(10)
is the action functional for the stochastic problem (7), (8) at fixed u. The second term in (9) represents
the velocity statistics:
Su(Φ) =
v′i Dikv
′
k
2
+ v′i
{
−∂tvi − v j∂ jvi + ν0[δik∂2 − ∂i∂k]vk + u0ν0∂i∂kvk − ∂iφ
}
+ φ′[−∂tφ + v j∂ jφ + v0ν0∂2φ − c20(∂ivi)]. (11)
The function D f in (10) is the correlation function (8), the function Dik in (11) is given by (6). Here-
inafter integrals over the spatial variable x and the time variable t, as well as summation over repeated
indices, are implicitly assumed. Also we passed to the new dimensionless parameter u0 = µ0/ν0 > 0
and introduced a new term v0ν0φ′∂2φ with the another positive dimensionless parameter v0, which
is needed for the renormalization procedure. The standard methods of quantum field theory, such
as Feynman diagrammatic technique and renormalization group procedure, can be applied to the ac-
tion (11).
The model is considered in the special space dimension d = 4. Usually d plays a passive role
and the actual perturbative parameter is y [see (6)]. But if d = 4, the situation is similar to the
analysis of the incompressible Navier-Stokes equation near space dimension d = 2, see [31, 34, 35] –
an additional divergence appears in the 1-irreducible Green function 〈v′v′〉1-ir. To keep the model
renormalizable at d = 4, the kernel function D˜i j(k) in (5) has to be replaced by
Di j(k) = g10ν30k4−d−y
{
Pi j(k) + αQi j(k)
}
+g20ν
3
0δi j, (12)
and a regular expansion in both y and ε = 4 − d should be constructed. Here g20 is another coupling
constant and the new term in the right hand side absorbs the divergent contributions from the function
〈v′v′〉1-ir.
3 Feynman diagrammatic technique and renormalization of the model
The perturbation theory of the model can be expressed in the standard Feynman diagrammatic
expansion [2, 3]. Bare propagators are read off from the inverse matrix of the Gaussian (free) part of
the action functional. The nonlinear part of the differential equation defines the interaction vertices.
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v v
′ v v
φ v′ v φ
′
φ φ′ φ φ
v φ
v′i
vj(q)
vl(p)
≡ V 1ijl = −i(pjδil + qlδij).
vj
φ′
φ(k)
≡ V 2j = −ikj .
Figure 1. Graphical representation of the bare propagators and interaction vertices in the model (11)
The ultimate goal of the theory is to find the inertial range asymptotic behaviour of the measurable
quantities, e.g., pair correlation functions of composite operators, built from the advected field θ. In the
RG+OPE approach they are connected with IR attractive fixed points of RG equations. To investigate
them we will follow the logic of [19, 20] and [30]: since the renormalization constants Zi and the RG
functions of the reduced model (11) do not depend on the parameters, connected with the advection of
passive field (10), it is possible to divide our task in two parts. The first part is devoted to investigation
of the stochastic Navier-Stokes equation itself, i.e., we will deal only with the action functional (11).
And only after the establishing of the IR attractive fixed points for the action functional Su we will
add to our consideration the action functional Sθ [see (10)] which is responsible for the advection of
the density field.
The graphical representation for the Feynman rules of the model Su is depicted in Fig. 1. In the
frequency-momentum representation the propagator functions attain the form:
〈vv′〉0 = 〈v
′v〉∗0 = P(k)ǫ−11 + Q(k)ǫ3R−1, 〈vv〉0 = P(k)
d f1
|ǫ1|2
+ Q(k)d f2
∣∣∣∣∣ ǫ3R
∣∣∣∣∣2 ,
〈φv′〉0 = 〈v
′φ〉∗0 = −
ic20 k
R
, 〈vφ′〉0 = 〈φ
′v〉∗0 =
ik
R
, 〈vφ〉0 = 〈φv〉
∗
0 =
ic20d
f
2 ǫ3 k
|R|2
,
〈φφ′〉0 = 〈φ
′φ〉∗0 =
ǫ2
R
, 〈φφ〉0 =
c40k2d
f
2
|R|2
, 〈φ′φ′〉0 = 〈v
′φ′〉0 = 〈v
′v′〉0 = 0, (13)
where the vector indices of the fields and the projectors are omitted;
ǫ1 = −iω + ν0k2, ǫ2 = −iω + u0ν0k2, d f1 = g10ν
3
0 k
4−d−y + g20ν
3
0,
ǫ3 = −iω + v0ν0k2, R = ǫ2ǫ3 + c20k2, d
f
2 = α[g10ν30 k4−d−y] + g20ν30. (14)
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θ θ
′ θ θ
θ
′(k)
θ
vj
≡ V
3
j = ikj .
Figure 2. Graphical representation of the bare propagators and interaction vertex in the model (10)
Taking into account the second part of the action functionalSθ, one should add one vertex and two
propagator functions to the diagrams on Fig. 1, see Fig. 2. In the frequency-momentum representation
they read
〈θθ′〉0 = 〈θ
′θ〉∗0 =
1
−iω + κ0k2
, 〈θθ〉0 =
C(kL)
ω2 + κ20k4
, (15)
where C(kL) is Fourier transform of the function C(r/L), see (8).
Hereinafter solid line denotes the field u, solid line with a slash – the field u′, dotted line – the field
φ, dotted line with a slash – the field φ′, double solid line – the field θ, double solid line with a slash –
the field θ′.
The ultraviolet (UV) renormalizability can be revealed by the analysis of the 1-irreducible Green
functions [2]. The corresponding generating functional can be written in the form
Γ(ϕ) = S(ϕ) + Γ˜(ϕ), (16)
whereS(ϕ) stands for the action functional (9), (10), or (11) and Γ˜(ϕ) is the sum of all the 1-irreducible
diagrams [2, 3]. As it has been shown in [30] and discussed in [19], the reduced model (11) – (12)
is invariant with respect to the Galilean symmetry. This fact leads to the UV finiteness of the Green
functions vi∂tvi and v′i(v j∂ j)vi. Therefore, there are only five Green functions which require renormal-
ization: 〈
v′iv j
〉
1-ir
,
〈
φ′φ
〉
1-ir ,
〈
v′iφ
〉
1-ir ,
〈
φ′vi
〉
1-ir , and
〈
v′iv
′
j
〉
1-ir
. (17)
The one-loop diagrams which have to be calculated are presented in Fig. 3. Employing the dimen-
sional regularization within minimal subtraction scheme (MS) one can calculate the renormalization
constants. The UV divergences manifests themselves as pole terms in y and ε = 4 − d. The poles can
be eliminated by the multiplicative renormalization of the parameters g10, g20, ν0, u0, v0, c0 and fields
φ and φ′:
g10 = g1µ
yZg1 , u0 = uZu, ν0 = νZν, φ → Zφφ,
g20 = g2µ
εZg2 , v0 = vZv, c0 = cZc, φ
′ → Zφ′φ′. (18)
Figure 3. One-loop approximation for the 1-irreducible function Γ˜(ϕ), entering into expression (16)
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Here µ is the “reference mass” (additional free parameter of the renormalized theory) in the MS
renormalization scheme, the parameters g1, g2, ν, u, v, and c are renormalized analogs of the bare
parameters (without subscript “0”), Zi are the renormalization constants, which depend only on the
completely dimensionless parameters g1, g2, u, v, α, d, y and ε.
4 IR attractive fixed points
The large-scale behaviour with respect to the spatial and time variables is governed by the IR
attractive stable fixed points g∗ ≡ {g∗1, g∗2, u∗, v∗}; the asterisk refers to the coordinate of the fixed point
(FP). They are determined from the relations [2, 3]:
βg1 (g∗) = βg2 (g∗) = βu(g∗) = βv(g∗) = 0, (19)
where βx = D˜µx for any variable x, and the differential operator D˜µ denotes the operation µ∂µ for
fixed bare parameters {g10, g20, u0, v0, ν0, α0, c0}. The eigenvalues of the matrix of the first derivatives
Ωi j =
(
∂βi/∂g j
)∣∣∣∣
g=g∗
, where i, j ∈ {g1, g2, u, v}, determine whether the given FP is IR stable or not.
Points with all positive eigenvalues are candidates for macroscopic regimes and, in principle, can be
observed experimentally.
Explicit forms of the β-functions are
βg1 = g1(−y − γg1 ), βg2 = g2(−ε − γg2 ), βu = −uγu, βv = −vγv, (20)
where γi = D˜µ ln Zi are the anomalous dimensions [2]. Unlike the simple case d = 3, where only
one nontrivial IR attractive fixed point exists, a direct analysis of the system of equations (19) reveals
existence of three IR stable fixed points: trivial one FPI and two nontrivial, FPII and FPIII; for details
see [36]. Corresponding domains of their IR stability are shown in Fig. 4.
(trivial)
FPI
FPII
(local)
FPIII
(nonlocal)
y = 3ε/2
y
ε
Figure 4. Domains of IR stability of the fixed points in the model (11)
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The fixed point FPI with
g∗1 = 0, g
∗
2 = 0 (21)
is stable if y, ε < 0 with arbitrary u∗ and v∗; the fixed point FPII with coordinates
g∗1 = 0, g
∗
2 =
8ε
3 , u
∗ = 1, v∗ = 1 (22)
is stable if ε > 0 and y < 3ε/2; the fixed point FPIII with coordinates
g∗1 =
16y(2y − 3ε)
9(y(2 + α) − 3ε) , g
∗
2 =
16αy2
9(y(2 + α) − 3ε) , u
∗ = 1, v∗ = 1 (23)
is stable if y > 0 and ε < 2y/3. The crossover between two nontrivial points occurs along the line
y = 3ε/2, which is in accordance with [18].
This fact implies that depending on the values y and ε correlation functions of the model (11) in
the IR region exhibit different types of scaling behaviour. For the corresponding critical dimensions
∆[F] = dkF +∆ωdωF +γ∗F , where γ∗F is the value of the anomalous dimension γF at the fixed point g∗ and
∆ω = 2−γ∗ν is the critical value of frequency, dkF and dωF are the frequency and momentum dimensions
of F, we have
∆v = 1 − ε/2, ∆v′ = d − ∆v, ∆ω = 2 − ε/2, ∆m = 1;
∆φ = d − ∆φ′ = 2 − 5ε/4, ∆c = 1 − 5ε/8 (24)
for the fixed point FPII;
∆v = 1 − y/3, ∆v′ = d − ∆v, ∆ω = 2 − y/3, ∆m = 1;
∆φ = d − ∆φ′ = 2 − 5y/6, ∆c = 1 − 5y/12 (25)
for the fixed point FPIII; more detailed discussion see in [37].
5 Advection of a passive scalar field
Taking into our consideration a density field θ one should renormalize all diagrams, connected with
the action functional (10). From the dimensionality considerations together with symmetry reasons
it follows that the only function which requires the UV renormalization is the 1-irreducible function
〈θ′θ〉1-ir. This situation is naturally reproduced by multiplicative renormalization of the diffusion coef-
ficient, κ0 = κZκ. To calculate the renormalization constant Zκ in one-loop approximation one should
analyze the diagram, shown in Fig. 5.
The function βw = D˜µw for the new dimensionless parameter w = κ/ν has the form
βw = −wγw = w(γν − γκ). (26)
Supplementing the system of equations (19) by the equation βw(g∗) = 0 one finds that the possible IR
attractive fixed points of the full problem (9) are given by the expressions (21) – (23) together with
the condition w∗ = 1.
Figure 5. One-loop approximation for the 1-irreducible function Γ˜(ϕ), responding to action functional (10)
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Figure 6. One-loop approximation for the 1-irreducible function Γn(x; θ)
For the corresponding critical dimensions of the passive fields θ and θ′ we have
∆θ = −1 + ε/4, ∆θ′ = d + 1 − ε/4 for the fixed point FPII; (27)
∆θ = −1 + y/6, ∆θ′ = d + 1 − y/6 for the fixed point FPIII. (28)
The measurable quantities are some correlation functions of composite operators. A local com-
posite operator is a monomial or polynomial constructed from the primary fields Φ(x) and their finite-
order derivatives at a single space-time point x. In the Green functions with such objects, new UV
divergences arise due to the coincidence of the field arguments. They can be removed by the additional
renormalization procedure.
In the following, the central role will be played by composite fields built solely from the basic
fields θ:
F(x) = θn(x). (29)
The renormalization constants Zn are determined by the requirement that the 1-irreducible functions
Γn(x; θ) are UV finite in the renormalized theory, where Γn(x; θ) is the θn term of the expansion in θ(x)
of the generating functional of the 1-irreducible Green functions with one composite operator F(x)
and any number of fields θ:
Γn(x; θ) =
∫
dx1 · · ·
∫
dxnθ(x1) · · · θ(xn)〈F(x)θ(x1) · · · θ(xn)〉. (30)
The operator diagram, needed to calculate the renormalization constants Zn, is shown in Fig. 6. The
critical dimensions ∆[θn] of the operators θn are given by the expression
∆[θn] = n∆θ + γ∗n, (31)
where the critical dimension∆θ for the fixed point FPII or FPIII is given by the expression (24) or (25).
Finally, one obtains that
∆
[
θn
]
= −n +
nε
4
−
n(n − 1)
3 ε for the fixed point FPII; (32)
∆
[
θn
]
= −n +
ny
6 −
2n(n − 1)
3
αy(y − ε)
y(2 + α) − 3ε for the fixed point FPIII. (33)
Both the expressions (32) and (33) are supposed to contain higher-order corrections in y and ε. For
the both cases FPII and FPIII the dimensions are negative, i.e., “dangerous” in the sense of operator
product expansion [2, 4], and decrease as n grows.
From the RG representation together with dimensionality considerations it follows that at µr ≫ 1
the pair correlation function of two composite operators F(x) = θn(x) takes the form
〈θp(t, x1)θk(t, x2)〉 ≃ µ−(p+k)(µr)−∆p−∆k × hpk[mr, c¯(r)], (34)
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where hpk is unknown scaling function with completely dimensionless arguments, c¯(r) is invariant
speed of sound. The inertial-convective range l ≪ r ≪ L corresponds to the additional condition
mr ≪ 1. The behaviour of the functions hpk at mr → 0 can be studied by means of the operator
product expansion; see [2, 3]. According to the OPE, the equal-time product F1(x1)F2(x2) of two
renormalized operators for x ≡ (x1 + x2)/2 = const and r ≡ x1 − x2 → 0 has the representation
F1(t, x1)F2(t, x2) ≃
∑
F
CF [mr, c¯(r)]F(t, x), (35)
where CF are the numerical coefficient functions analytical in the variables mr and c¯(r), F(t, x) are all
possible renormalized local composite operators allowed by the symmetry. Using the expansion (35)
one finally finds that if l ≪ r ≪ L the asymptotic behaviour of the function (34) is given by the
expression
〈θp(t, x1)θk(t, x2)〉 ≃ µ−(p+k)(µr)−∆p−∆k (mr)∆p+k . (36)
The leading term in the OPE is given by the operator from the same family with the index p + k.
Moreover, the inequality ∆p + ∆k > ∆p+k takes place. These two facts confirm the multifractal
behaviour of the scalar field in the model (7); see [38].
6 Conclusion
In this paper the model of turbulent advection of the passive scalar (density) field θ has been
studied using the field theoretic approach. The velocity field is governed by the stochastic Navier-
Stokes equation for a compressible fluid. In contrast to the previous works, the model is considered
near the special space dimension d = 4; in this case the additional UV divergence is presented in the
1-irreducible Green function 〈v′v′〉1-ir, which significantly influence to RG analysis. The crucial points
of the Feynman diagrammatic technique and perturbative renormalization group have been discussed.
One loop approximation provides that for different meanings of the exponent y and deviation from the
dimension of x space ε = 4−d the model possesses two nontrivial stable fixed points in the IR region –
the local one (FPII) and nonlocal one (FPIII). This shows us, that the simple analysis around d = 3,
which indicates an existence of the only nontrivial fixed point, corresponding to nonlocal scaling
regime [19], is incomplete in this case. Nevertheless, at most realistic values y = 4 and ε = 1 the new
local regime is unstable, and well-known non-local regime come true, therefore the main conclusions
of the previous papers [19, 30] about existence and IR attraction of this fixed point remain true.
The inertial range l ≪ r ≪ L behaviour of the correlation functions of the composite fields
(operators), built solely from the impurity field θ, was studied by means of the OPE. The existence of
the of anomalous scaling, i.e., singular power-like dependence on the integral scale L, was established.
In contrast to the case d = 3, at d = 4 the anomalous dimensions of the composite operators (32)
and (33) do not grow with α without bound. This is a consequence of eliminating of poles in ε near
d = 4, which leads to a significant improvement of situation near d = 3.
It would be very interesting to go beyond the one-loop approximation and to discuss the existence,
stability and the dependence on α of fixed points at the two-loop level, as well as to investigate a
scalar admixture in case of tracer field, or passively advected vector fields. Another important and
very interesting problem is to develop the stochastic Navier-Stokes equation for a compressible fluid
near d = 2, which may show another types of IR behaviour. This work seems to be a difficult technical
task and is left for the future.
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